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Abstract Here we prove a coupled coincidence point
theorem in G-fuzzy metric spaces for compatible mappings
using Hadzic type t-norms which is characterized by the
equi-continuity of its iterates. We apply our result toward
obtaining a result in G-metric spaces. Two supporting
examples are also given. Some existing results are exten-
ded by our theorem. We also apply our result to a problem
of an integral equation. We further assume the G-metric
space to be equipped with a partial ordering.
Keywords Partially ordered set  G-fuzzy metric space 
t-Norm of Hadzic  Compatible mappings  Coupled
coincidence point  Integral equation
Introduction
The program of this work is to establish coupled coin-
cidence point results in generalized fuzzy metric spaces
which are actually fuzzy extensions of generalized metric
spaces (abbreviated as G-metric spaces in the literatures).
These spaces were introduced in the paper by Mustafa
et al. [16, 17]. The generalization is effectuated by a
non-negative real-valued mapping on X3; where X is a
given non-empty set on which the generalized metric is
defined. Fixed point results on this structure were proved
in a good number of papers, as, for instance [1, 5, 8, 10,
19].
Fuzzy sets were introduced by Zadeh [23] which pro-
vided an approach to non-probabilistic uncertain situa-
tions. Several fuzzified versions of the exiting
mathematical structures were introduced in the literatures,
particularly the fuzzification of metric space followed
through adoption of different approaches. The flexible
structure of fuzzy ideas allow for adopting different
approaches resulting into the definitions of fuzzy metric
spaces which are not equivalent to each other. Here we
work on the definition given by George et al. [9] in which
the topology is a Hausdorff topology. The fuzzy fixed
point theory has a commendable development in the
context of this space. One of the possible causes for that
is the nature of the topology which is Hausdorff. In the
theory of fuzzy fixed points and related topics on the
above mentioned space. Some important references,
amongst others, are [6, 7, 11].
Putting together the concepts involved in the two above
mentioned spaces, generalized fuzzy metric spaces were
introduced by [22]. Works on fixed point theory on this
space are obtainable in [13, 18, 22].
This paper aimed at establishing a new coupled fixed
point theorem in G-fuzzy metric spaces with a partial
order. For this purpose we prove a lemma which estab-
lishes a Cauchy criterion for two sequences simultane-
ously. Hadzic type t-norm is used in this paper which is
characterized by the equi-continuity of iterates. It is used in
the proof of a lemma. We apply the result in this space to
obtain new coupled fixed point results in G-metric spaces.
Finally, we have an application in which we establish an
existing result of an integral equation. We also provide
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Preliminaries
Definition 2.1 [12] The mapping  : ½0; 1  ½0; 1 !
½0; 1 is said to be a t-norm when the following hold:
1.  is commutative as well as associative,
2. 1  c1 ¼ c1 whenever c1 2 ½0; 1;
3. c1  c2 c3  c4 whenever c1 c3 and c2 c4; for each
c1; c2; c3; c4 2 ½0; 1;
4. The operator  is a continuous t-norm if  is
continuous.
Some illustrations of the above definition are given in [12].
Definition 2.2 [22] The 3-tuple ðA;G; Þ called G-fuzzy
metric space if A is any non-empty set,  is a t-norm which
is continuous and G is a fuzzy membership function on
A3  ð0;1Þ which satisfies z1; z2; z3; z4 2 A and t1; t2[ 0:
1. Gðz1; z1; z2; t1Þ[ 0,
2. Gðz1; z1; z2; t1ÞGðz1; z2; z3; t1Þ with z2 6¼ z3,
3. Gðz1; z2; z3; t1Þ ¼ 1 if and only if z1 ¼ z2 ¼ z3,
4. Gðz1; z2; z3; t1Þ ¼ Gðpðz1; z2; z3Þ; tÞ, where p is a per-
mutation function,
5. Gðz1; z4; z4; t1Þ  Gðz4; z2; z3; t2Þ  Gðz1; z2; z3; t1 þ t2Þ
and
6. Gðz1; z2; z3; :Þ : ð0;1Þ ! ½0; 1 is continuous.
Example 2.3 [22] Let (A, G) be G-metric space. Let c1 
c2 ¼ c1:c2 for all c1; c2 2 ½0; 1. For each t1[ 0, z1; z2 2 A,
let
Gðz1; z1; z2; t1Þ ¼ t1
t1 þ Gðz1; z1; z2Þ :
Then ðA;G; Þ is a G-fuzzy metric space.
Definition 2.4 [22] Let ðA;G; Þ be a G-fuzzy metric
space.
1. Any sequence fxng in A converges to a point z 2 A if
limn!1Gðxn; xn; z; sÞ ¼ 1 for all s[ 0.
2. Any sequence fxng in A is called a Cauchy sequence if
corresponding to 0\e\1 and s[ 0, there is a positive
integer n0 for which Gðxn; xn; xm; sÞ[ 1 e when
n;m n0.
3. If every Cauchy sequence converges, then the space is
complete.
Lemma 2.5 [22] Let ðA;G; Þ be a G-fuzzy metric space.
Then Gðx1; x1; x2; :Þ is nondecreasing for all x1; x2 2 A.
Lemma 2.6 [22] G is a continuous function on
A3  ð0;1Þ.
Let A be a set with a partial order 	 and F be a function
from A to itself. Then F is non-decreasing (non-increasing)
whenever x1 	 x2 (x1 
 x2) and x1; x2 2 A if Fðx1Þ 	
Fðx2Þ (Fðx1Þ 
 Fðx2Þ) [3].
Definition 2.7 [3] Let ðA;	Þ be a set with a partial
ordering 	 and F : A2 ! A be a function. The function
F has the mixed monotone property whenever for all
x1; x2 2 A, x1 	 x2 implies Fðx1; yÞ 	 Fðx2; yÞ, with fixed
y 2 A and, for all y1; y2 2 A, y1 	 y2 implies
Fðx; y1Þ 
 Fðx; y2Þ, with fixed x 2 A.
Definition 2.8 [14] Let ðA;	Þ be a partially ordered set
and F : A2 ! A and g : A! A be two functions. The
function F has the mixed g-monotone property if for all
x1; x2 2 A, gðx1Þ 	 gðx2Þ implies Fðx1; yÞ 	 Fðx2; yÞ, with
any y 2 A and, for all y1; y2 2 A, gðy1Þ 	 gðy2Þ implies
Fðx; y1Þ 
 Fðx; y2Þ, with fixed x 2 A.
Definition 2.9 [3] Let A be any nonempty set. The
ordered pair ðp; qÞ 2 A A is a coupled fixed point of the
function F : A A! A if
Fðp; qÞ ¼ p as well asFðq; pÞ ¼ q:
Definition 2.10 [14] Let A be any nonempty set. An
element ðp; qÞ 2 A2 is a coupled coincidence point of the
functions F : A A! A and g : A! A if
Fðp; qÞ ¼ gðpÞ andFðq; pÞ ¼ gðqÞ:
Definition 2.11 [14] Let A be any non empty set. The
functions F : A A! A and g : A! A are commuting if
ðp; qÞ 2 A2
gðFðp; qÞÞ ¼ FðgðpÞ; gðqÞÞ:
Definition 2.12 [20] Let (A, G) be a G-metric space. The
pair (g, F) where g : A! A and F : A A! A, is com-
patible if
lim
n!1GðgðFðpn; qnÞÞ; gðFðpn; qnÞÞ;FðgðpnÞ; gðqnÞÞÞ ¼ 0
and
lim
n!1GðgðFðqn; pnÞÞ; gðFðqn; pnÞÞ;FðgðqnÞ; gðpnÞÞÞ ¼ 0;
whenever fpng and fqng are sequences in A such that
limn!1Fðpn; qnÞ¼ limn!1gðpnÞ ¼ p and
limn!1Fðqn; pnÞ = limn!1gðqnÞ ¼ q for some p; q 2 A.
The intuitive idea is that the functions F and g are
commuting in the limit in the situations where the func-
tional values are the same in the limit.
Definition 2.13 [13] Let ðA;G; Þ be a G-fuzzy metric
space. The pair (F, g) where F : A A! A and
g : A! A, are said to be compatible if for all t[ 0
lim
n!1GðgðFðpn; qnÞÞ; gðFðpn; qnÞÞ;FðgðpnÞ; gðqnÞ; tÞ ¼ 1




n!1GðgðFðqn; pnÞÞ; gðFðqn; pnÞÞ;FðgðqnÞ; gðpnÞ; tÞ ¼ 1;
whenever fpng and fqng are sequences in A such that
lim
n!1Fðpn; qnÞ = limn!1gðpnÞ ¼ p and limn!1Fðqn; pnÞ =
lim
n!1gðqnÞ ¼ q for some p; q 2 A.
Lemma 2.14 Let (A, G) be a G-metric space. If the pair
(F, g) where F : A A! A and g : A! A are compatible
as per Definition 2.12, then he pair (F, g) is also compat-
ible as per Definition 2.13.
Proof As we have mentioned earlier, in the associated G-
fuzzy metric space, for all x; y 2 A, t[ 0,
Gðx; x; y; tÞ ¼ t
t þ Gðx; x; yÞ ð2:1Þ
and a  b = minimum fa; bg.
Let fpng and fqng be two sequences in (X, G) such that
lim
n!1Fðpn; qnÞ = limn!1gðpnÞ ¼ p and limn!1Fðqn; pnÞ =
lim
n!1gðqnÞ ¼ q. Then the same limits also hold in ðA;G; Þ.
Since g and F are compatible in (A, G), we have
lim
n!1GðgðFðpn; qnÞÞ; gðFðpn; qnÞÞ;FðgðpnÞ; gðqnÞÞÞ ¼ 0
and
lim
n!1GðgðFðqn; pnÞÞ; gðFðqn; pnÞÞ;FðgðqnÞ; gðpnÞÞÞ ¼ 0;
Now from (2.1), we have for all t[ 0
GðgðFðpn; qnÞÞ; gðFðpn; qnÞÞ;FðgðpnÞ; gðqnÞÞ; tÞ
¼ t
t þ GðgðFðpn; qnÞÞ; gðFðpn; qnÞÞ;FðgðpnÞ; gðqnÞÞÞ
and
GðgðFðqn; pnÞÞ; gðFðqn; pnÞÞ;FðgðqnÞ; gðpnÞÞ; tÞ
¼ t
t þ GðgðFðqn; pnÞÞ; gðFðqn; pnÞÞ;FðgðqnÞ; gðpnÞÞÞ :
Taking n!1 in both the above equalities, for all t[ 0,
we have
lim
n!1GðgðFðpn; qnÞÞ; gðFðpn; qnÞÞ;FðgðpnÞ; gðqnÞÞ; tÞ ¼ 1
and
lim
n!1GðgðFðqn; pnÞÞ; gðFðqn; pnÞÞ;FðgðqnÞ; gðpnÞÞ; tÞ ¼ 1:
Therefore (F, g) is compatible in ðA;G; Þ. h
Continuous Hadzic type t-norm is used in our theorem.
Definition 2.15 [12]Hadzic type t-norms are t-norms
such that fpgp 0 give by
0ðsÞ ¼ 1, pþ1ðsÞ ¼ ðpðsÞ; sÞ for all p 0, 0\s\1,
are equi-continuous at s ¼ 1, which is that, for [ 0 there
exists aðÞ 2 ð0; 1Þ for which
1 u[ aðÞ ) pðuÞ[ 1  for all p 0.
Illustrations of the above t-norm type is given in [12].
Lemma 2.16 Let ðA;G; Þ be a G-fuzzy metric space
having a t-norm of Hadzic type for which Gðx; x; y; uÞ ! 1
as u!1, fxng and fyng in A satisfy, for all n 1, t[ 0,
Gðxn; xn; xnþ1; tÞ  Gðyn; yn; ynþ1; tÞG xn1; xn1; xn; t
k
 




with some 0\k\1, then fxng and fyng are Cauchy
sequences.
Proof We successively apply (2.2) to obtain for all i 1
(integer) t[ 0, q 0,
Gðxqþi; xqþi; xqþiþ1; tÞ
 Gðyqþi; yqþi; yqþiþ1; tÞG xq; xq; xqþ1; t
ki
 




Let [ 0 and 0\k\1 be given. Let p be another integer
such that p[ q be some other integer. Then
 ¼  ð1 kÞð1 kÞ [ ð1 kÞð1þ k þ    þ k
pq1Þ:
Then, by Lemma 2.5, for all p[ q, we obtain
Gðxq; xq; xp; Þ  Gðyq; yq; yp; ÞGðxq; xq; xp; ð1 kÞ
ð1þ k þ    þ kpq1ÞÞ  Gðyq; yq; yp; ð1 kÞ
ð1þ k þ    þ kpq1ÞÞ;
or,
Gðxq;xq;xp; Þ Gðyq;yq;yp; ÞGðxq;xq; xqþ1; ð1 kÞÞ
Gðxqþ1; xqþ1; xqþ2; kð1 kÞÞ     
Gðxp1;xp1;xp; kpq1ð1 kÞÞ Gðyq; yq;yqþ1; ð1 kÞÞ
Gðyqþ1; yqþ1; yqþ2; kð1 kÞÞ     
Gðyp1;yp1;yp; kpq1ð1 kÞÞ:
¼ fGðxq;xq;xqþ1; ð1 kÞÞ Gðyq;yq; yqþ1; ð1 kÞÞg
 fGðxqþ1; xqþ1; xqþ2; kð1 kÞÞ
Gðyqþ1;yqþ1;yqþ2; kð1 kÞÞg     
fGðxp1;xp1;xp; kpq1ð1 kÞÞ
Gðyp1;yp1;yp; kpq1ð1 kÞÞg: ð2:4Þ
We put t ¼ ð1 kÞki in (2.3); we get, for all q0; i1
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Gðxqþi; xqþi; xqþiþ1; ð1 kÞkiÞ  Gðyqþi; yqþi; yqþiþ1;
ð1 kÞkiÞGðxq; xq; xqþ1; ð1 kÞÞ  Gðyq; yq; yqþ1;
ð1 kÞÞ:
From the above, and using (2.4), with p[ q, we get
Gðxq;xq;xp; Þ Gðyq;yq;yp; ÞfGðxq;xq;xqþ1; ð1 kÞÞ
Gðyq;yq;yqþ1; ð1 kÞÞg  fGðxqþ1;xqþ1;xqþ2; ð1 kÞÞ
Gðyqþ1;yqþ1;yqþ2; ð1 kÞÞg    
fGðxp1;xp1;xp; ð1 kÞÞ Gðyp1;yp1;yp; ð1 kÞÞg;
that is, Gðxq;xq;xp; Þ Gðyq;yq;yp; Þ
 ðpqÞ fGðxq; xq; xqþ1; ð1 kÞÞ  Gðyq; yq; yqþ1; ð1 kÞÞg:
ð2:5Þ
By equi-continuity of t-norm at 1, there exists gðkÞ 2 ð0; 1Þ
such that for all m[ n;
ðmnÞðsÞ[ 1 k; ð2:6Þ
whenever 1 s[ gðkÞ, where 0\k\1, as mentioned
above, is given. Since Gðx0; x0; x1; uÞ ! 1 as u!1, there
exists Nð; kÞ such that
Gðx0; x0; x1; ð1 kÞ
kn





From (2.3) and (2.7), with q ¼ 0; i ¼ nNð; kÞ and
t ¼ ð1 kÞ, we have
Gðxn; xn; xnþ1; ð1 kÞÞ  Gðyn; yn; ynþ1; ð1 kÞÞ[ gðkÞ:
Then, from (2.6), with s ¼ Gðxn; xn; xnþ1; ð1 kÞÞ 
Gðyn; yn; ynþ1; ð1 kÞÞ and m[ nNð; kÞ, we have
ðmnÞ ðGðxn; xn; xnþ1; ð1 kÞÞ  Gðyn; yn; ynþ1; ð1 kÞÞÞ
[ 1 k:
Then, by (2.5), for all m[ nNð; kÞ, we obtain
Gðxn; xn; xm; Þ  Gðyn; yn; ym; Þ[ 1 k;
which implies that
Gðxn; xn; xm; Þ[ 1 k andGðyn; yn; ym; Þ[ 1
 k for all n;mNð; kÞ:
Again [ 0 and k are arbitrary with their range.
This proves that fxng and fyng are Cauchy sequences.h
Note 2.17 Equi-continuous of the iterates is essential in
the proof of the above lemma.
Main results
Theorem 3.1 Let ðA;G; Þ be a complete G-fuzzy metric
space having a t-norm whose Hadzic type is such that
Gðx; y; z; sÞ ! 1 as s!1, for all x; y; z 2 A. Let 	 be a
partial ordering on A. Let F : A A! A and g : A! A be
two functions of which F has mixed g-monotone property
and that the following is satisfied:
GðFðx;yÞ;Fðx;yÞ;Fðu;vÞ;ksÞ GðFðy;xÞ;Fðy;xÞ;Fðv;uÞ;ksÞ
GðgðxÞ;gðxÞ;gðuÞ;sÞ GðgðyÞ;gðyÞ;gðvÞ;sÞ;
for all x; y; u; v 2 A; s[ 0 with gðxÞ 	 gðuÞ and
gðyÞ 
 gðvÞ, where 0\k\1 and FðA AÞ  gðAÞ, g is
continuous and monotonic increasing, (g, F) is a compat-
ible pair. Suppose one of (a) and (b) holds:
(a) F is continuous
(b)
1:fzpg ! z is such that zp
	 zpþ1; for every p 0; then zp
	 zfor every p 0; ð3:2Þ
2:fzpg ! z is such that zp

 zpþ1for every p 0; then zp

 zfor every p 0 ð3:3Þ
If there are x0; y0 2 A for which gðx0Þ 	 Fðx0; y0Þ,
gðy0Þ 
 Fðy0; x0Þ, then we can find x; y 2 A for which
gðxÞ ¼ Fðx; yÞ and gðyÞ ¼ Fðy; xÞ.
Proof Let x0; y0 in A, for which gðx0Þ 	 Fðx0; y0Þ,
gðy0Þ 
 Fðy0; x0Þ. We construct the sequences fxpg and
fypg in A, for all p 0,
gðxpþ1Þ ¼ Fðxp; ypÞ andgðypþ1Þ ¼ Fðyp; xpÞ: ð3:4Þ
Then it follows that for all p 0




Let for all s[ 0, p 0, due to (3.4), (3.5) and (3.6), from
(3.1), for all s[ 0, k 1, we have
GðgðxpÞ; gðxpÞ; gðxpþ1Þ; ksÞ  GðgðypÞ; gðypÞ; gðypþ1Þ; ksÞ
¼ GðFðxp1; yp1Þ;Fðxp1; yp1Þ;Fðxp; ypÞ; ksÞ
 GðFðyp1; xp1Þ;Fðyp1; xp1Þ;Fðyp; xpÞ; ksÞ
Gðgðxp1Þ; gðxp1Þ; gðxpÞ; sÞ  Gðgðyp1Þ;
gðyp1Þ; gðypÞ; sÞ
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that is,
GðgðxpÞ; gðxpÞ; gðxpþ1Þ; sÞ  GðgðypÞ; gðypÞ; gðypþ1Þ; sÞ
G gðxp1Þ; gðxp1Þ; gðxpÞ; s
k
 




From (3.7), by the Lemma 2.16, we conclude that fgðxpÞg
and fgðypÞg are Cauchy sequences. Since A is complete,
there exist x; y 2 A such that
lim
p!1gðxpÞ ¼ x and limn!1gðypÞ ¼ y ð3:8Þ
Therefore,
lim
p!1gðxpþ1Þ = limp!1Fðxp; ypÞ = x and limp!1gðypþ1Þ =
lim
p!1Fðyp; xpÞ = y.
Since (g, F) is a compatible pair, using continuity of
g and Definition 2.13, we have
gðxÞ ¼ lim





p!1gðgðypþ1ÞÞ ¼ limp!1gðFðyp; xpÞÞ
¼ lim
p!1FðgðypÞ; gðxpÞÞ: ð3:10Þ
Now assume that(a) holds.
Then from (3.9), (3.10) and by using (3.8), we have
gðxÞ ¼ lim
p!1gðFðxp; ypÞÞ ¼ limp!1FðgðxpÞ; gðypÞÞ
¼ Fð lim
p!1gðxpÞ; limp!1gðypÞÞ ¼ Fðx; yÞ
and
gðyÞ ¼ lim
p!1gðFðyp; xpÞÞ ¼ limp!1FðgðypÞ; gðxpÞÞ
¼ Fð lim
p!1gðypÞ; limp!1gðxpÞÞ ¼ Fðy; xÞ:
therefore gðxÞ ¼ Fðx; yÞ and gðyÞ ¼ Fðy; xÞ.
Next we assume that (b) holds.
By (3.5), (3.6) and (3.8), it follows that, for all n 0,
gðxpÞ 	 x and gðypÞ 
 y:
Since g is monotonic increasing,
gðgðxpÞÞ 	 gðxÞ and gðgðypÞÞ 
 gðyÞ: ð3:11Þ
Now, for all s[ 0, p 0, we have
GðFðx; yÞ;Fðx; yÞ; gðFðxp; ypÞÞ; sÞGðFðx; yÞ;Fðx; yÞ;
gðgðxpþ1ÞÞ; ksÞGðgðgðxpþ1ÞÞ; gðgðxpþ1ÞÞ; gðFðxp; ypÞÞ;
ðs ksÞÞ:
Taking p!1 on the both sides of the above inequality,
for all s[ 0,
lim
p!1GðFðx; yÞ;Fðx; yÞ; gðFðxp; ypÞÞ; sÞ
 lim
p!1½GðFðx; yÞ;Fðx; yÞ; gðgðxpþ1ÞÞ; ksÞGðgðgðxpþ1ÞÞ;
gðgðxpþ1ÞÞ; gðFðxp; ypÞÞ; ðs ksÞÞ;
that is;GðFðx; yÞ;Fðx; yÞ; gðxÞ; sÞ
¼ lim
p!1½GðFðx; yÞ;Fðx; yÞ; gðFðxp; ypÞÞ; ksÞ
 Gðgðgðxpþ1ÞÞ; gðgðxpþ1ÞÞ; gðxÞ; ðs ksÞÞ
¼ GðFðx; yÞ;Fðx; yÞ; lim
p!1gðFðxp; ypÞÞ; ksÞ
 Gð lim
p!1gðgðxpþ1ÞÞ; limp!1gðgðxpþ1ÞÞ; gðxÞ; ðs
 ksÞÞðby lemma 2:6Þ
¼ GðFðx; yÞ;Fðx; yÞ; lim
p!1FðgðxpÞ; gðypÞÞ; ksÞ
 GðgðxÞ; gðxÞ; gðxÞ; ðs ksÞðby 3:9Þ
¼ lim
p!1GðFðgðxpÞ; gðypÞÞ;Fðx; yÞ;Fðx; yÞ; ksÞ
 1ðby lemma 2:6Þ
¼ lim
p!1GðFðgðxpÞ; gðypÞÞ;Fðx; yÞ;Fðx; yÞ; ksÞ;
that is;GðFðx; yÞ;Fðx; yÞ; gðxÞ; sÞ lim
p!1GðFðgðxpÞ; gðypÞÞ;
Fðx; yÞ;Fðx; yÞ; ksÞ:Similarly we obtain for all s[ 0
GðFðy; xÞ;Fðy; xÞ; gðyÞ; sÞ lim
p!1GðFðgðypÞ; gðxpÞÞ;
Fðy; xÞ;Fðy; xÞ; ksÞ: ð3:13Þ
From (3.12) and (3.13), using (3.1) and (3.11), for all
s[ 0, we have
GðFðx; yÞ;Fðx; yÞ; gðxÞ; sÞ  GðFðy; xÞ;Fðy; xÞ; gðyÞ; sÞ
 lim
p!1½GðFðgðxpÞ; gðypÞÞ;Fðx; yÞ;Fðx; yÞ; ksÞ
 GðFðgðypÞ; gðxpÞÞ;Fðy; xÞ;Fðy; xÞ; ksÞ
 lim
p!1½GðgðgðxpÞÞ; gðxÞ; gðxÞ; sÞ  GðgðgðypÞÞ; gðyÞ;
gðyÞ; sÞðsince  iscontinuousÞ ¼ Gð lim
p!1gðgðxpÞÞ;
gðxÞ; gðxÞ; sÞ  Gð lim
p!1gðgðypÞÞ; gðyÞ; gðyÞ; sÞ
¼ GðgðxÞ; gðxÞ; gðxÞ; sÞ  GðgðyÞ; gðyÞ; gðyÞ; sÞðbyð3:9ÞÞ
¼ 1  1 ¼ 1;
that is,
GðFðx; yÞ; gðxÞ; gðxÞ; sÞ  GðFðy; xÞ; gðyÞ; gðyÞ; sÞ 1,
which implies that gðxÞ ¼ Fðx; yÞ and gðyÞ ¼ Fðy; xÞ.
Hence the proof.
Corollary 3.2 Let ðA;G; Þ be a complete G-fuzzy metric
space having a t-norm which is Hadzic type for which
Gðx; y; z; sÞ ! 1 as s!1, for all x; y; z 2 A. Let 	 be a
partial ordering on A. Let F : A A! A and g : A! A be
two functions out of which F has mixed g-monotone
property and satisfies the following condition:
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GðFðx; yÞ;Fðx; yÞ;Fðu; vÞ; ksÞ
 GðFðy; xÞ;Fðy; xÞ;Fðv; uÞ; ksÞGðgðxÞ; gðxÞ; gðuÞ; sÞ
 GðgðyÞ; gðyÞ; gðvÞsÞ;
for all x; y; u; v 2 A; s[ 0 with gðxÞ 	 gðuÞ and
gðyÞ 
 gðvÞ, where 0\k\1 and FðA AÞ  gðAÞ, g is
continuous and monotonic increasing, (g, F) is a com-
muting pair. Suppose either
(a) F is continuous or
(b) (3.2) and (3.3) hold.
If there are x0; y0 2 A for which gðx0Þ 	 Fðx0; y0Þ,
gðy0Þ 
 Fðy0; x0Þ, then we obtain x; y 2 A satisfying
gðxÞ ¼ Fðx; yÞ and gðyÞ ¼ Fðy; xÞ.
Proof As commuting pairs are also a compatible pairs,
the result follows from Theorem 3.1.
Later, through an example, it is established that the
Corollary 3.2 is actually contained within Theorem 3.1. h
Corollary 3.3 Let ðA;G; Þ be a complete G-fuzzy metric
space having a t-norm which is Hadzic type for which
Gðx; y; z; sÞ ! 1 as s!1, for all x; y; z 2 A. Let 	 be a
partial ordering on A. Let F : A A! A be a function for
which F has mixed mixed monotone property and satisfies
the following condition:
GðFðx; yÞ;Fðx; yÞ;Fðu; vÞ; ksÞ
 GðFðy; xÞ;Fðy; xÞ;Fðv; uÞ; ksÞGðx; x; u; sÞ
 Gðy; y; v; sÞ;
for all x; y; u; v 2 A; s[ 0 such that x 	 u and y 
 v, and
0\k\1 and FðA AÞ  A. Suppose either
(a) F is continuous or
(b) (3.2) and (3.3) hold.
If there are x0; y0 2 A for which x0 	 Fðx0; y0Þ,
y0 
 Fðy0; x0Þ, then we obtain x; y 2 A such that x ¼
Fðx; yÞ and y ¼ Fðy; xÞ
Proof With the assumption of g ¼ I, the corollary fol-
lows by an application of Theorem 3.1. h
Example 3.4 Let ðA;	Þ be a partially ordered set with
A ¼ ½0; 1 and the usual relation ordering  on real
numbers be the partial ordering 	. Let for all s[ 0,
p; q; z 2 A,
Gðp; q; z; sÞ ¼ e
jp qj þ jq zj þ jz pj
s :
Let a  b ¼ minfa; bg. Then ðA;G; Þ is a complete G-
fuzzy metric space such that Gðp; q; z; sÞ ! 1 as s!1,
for all p; q 2 A.
Let the mapping g : A! A be defined as
gðpÞ ¼ 5
6
p2 for all p 2 A
and the mapping F : A A! A be defined as




Then FðA AÞ  gðAÞ and F satisfies the mixed g-
monotone property.
Let ftng and frng be sequences in A such that
lim
n!1Fðtn; rnÞ ¼ a; limn!1gðtnÞ ¼ a; limn!1Fðrn; tnÞ
¼ b and lim
n!1gðrnÞ ¼ b:















Then necessarily a ¼ 0 and b ¼ 0.
It then follows from Lemma 2.6 that, for all s[ 0;
lim
n!1GðgðFðtn; rnÞÞ; gðFðtn; rnÞÞ;FðgðtnÞ; gðrnÞ; sÞ ¼ 1
and
lim
n!1GðgðFðrn; tnÞÞ; gðFðrn; tnÞÞ;FðgðrnÞ; gðtnÞÞ; sÞ ¼ 1:
Therefore, (g, F) is compatible pair in A. Now we show
that the inequality (3.1) holds.
2jFðp; qÞ  Fðu; vÞj jgðpÞ  gðuÞj þ jgðqÞ
 gðvÞj; p u; q v ð3:14Þ
and
2jFðq; pÞ  Fðv; uÞj jgðqÞ  gðvÞj þ jgðpÞ
 gðuÞj; p u; q v: ð3:15Þ
From (3.14), for all s[ 0 and 0\k\1, we have
e
2jFðp;qÞFðu;vÞj













ks  minfGðgðpÞ; gðpÞ; gðuÞ; sÞ;MðgðqÞ;
gðqÞ; gðvÞ; sÞg
ð3:16Þ
Similarly from (3.15), we get
e
2jFðq;pÞFðv;uÞj
ks  minfGðgðpÞ; gðpÞ; gðuÞ; sÞ;MðgðqÞ;
gðqÞ; gðvÞ; sÞg:
ð3:17Þ
From (3.16) and (3.17), we obtain
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minfGðFðp; qÞ;Fðp; qÞ;Fðu; vÞ; ksÞ;GðFðq; pÞ;Fðq; pÞ;
Fðv; uÞ; ksÞg minfGðgðpÞ; gðpÞ; gðuÞ; sÞ;GðgðqÞ; gðqÞ;
gðvÞ; sÞg; that is;GðFðp; qÞ;Fðp; qÞ;Fðu; vÞ; ksÞ
 GðFðq; pÞ;Fðq; pÞ;Fðv; uÞ; ksÞGðgðpÞ; gðpÞ;
gðuÞ; sÞ  GðgðqÞ; gðqÞ; gðvÞ; sÞ:
Hence (3.1) holds. Other cases can be similarly done. Then
Theorem 3.1 is applicable. As can be seen by observation
(0, 0) is the coupled coincidence point for the pair (g, F).
Remark 3.5 (g, F) is not a commuting pair in Example
3.4 for which Corollary 3.2 is not applicable to this
example. This establishes that Theorem 3.1 is actually
more general than its Corollary 3.2.
Results in G-metric spaces
Here we apply Theorem 3.1 to obtain a coupled coinci-
dence point results in G-metric spaces. Several existing
theorems are hereby extended.
Theorem 4.1 Let A be a non empty set with a partial
order 	 and G be a G- metric on A such that (A, G) is a
complete G- metric space. Let F : A A! A and g : A!
A be two mappings such that F has the mixed g-monotone
property and satisfies the following condition:
maxfGðFðp; qÞ;Fðp; qÞ;Fðu; vÞÞ;GðFðq; pÞ;Fðq; pÞ;Fðv; uÞÞg
 k
2
½GðgðpÞ; gðpÞ; gðuÞÞ þ GðgðqÞ; gðqÞ; gðvÞÞ;
ð4:1Þ
with p; q; u; v 2 A such that gðpÞ 	 gðuÞ and gðqÞ 
 gðvÞ,
and for some fixed k 2 ð0; 1Þ. Suppose FðA AÞ  gðAÞ,
(g, F) is compatible pair of functions in which we assume
the continuity of g. Further, either
(a) F is continuous or
(b) (3.2) and (3.3) hold.
If there are x0; y0 2 A such that gðx0Þ 	 Fðx0; y0Þ,
gðy0Þ 
 Fðy0; x0Þ, then the pair (g, F) has a coupled coin-
cidence point in A.
Proof For all p; q; z 2 A and s[ 0, we define
Gðp; q; z; sÞ ¼ s
sþ Gðp; q; zÞ
and a  b ¼ minfa; bg. Then, ðA;G; Þ is a complete G-
fuzzy metric space. Further, from the form of G,
Gðp; q; z; sÞ ! 1 as s!1, whenever p; q; z 2 A. Using
Lemma 2.14, we conclude that (g, F) is a compatible pair
in this G-fuzzy metric space. Next we show that the
inequality (4.1) implies (3.1). If otherwise, from (3.1), for
some s[ 0, p; q; u; v 2 A with gðpÞ 	 gðuÞ and
gðqÞ 













sþ GðgðpÞ; gðpÞ; gðuÞÞ ;
s
sþ GðgðqÞ; gðqÞ; gðvÞÞ
 
;




GðFðp; qÞ;Fðp; qÞ;Fðu; vÞÞ
\min
s
sþ GðgðpÞ; gðpÞ; gðuÞÞ ;
s







GðFðq; pÞ;Fðq; pÞ;Fðv; uÞÞg
\min
s
sþ GðgðpÞ; gðpÞ; gðuÞÞ ;
s




From (4.2), we have
sþ 1
k
GðFðp; qÞ;Fðp; qÞ;Fðu; vÞÞ[ s
þ GðgðpÞ; gðpÞ; gðuÞÞ ands
þ 1
k
GðFðp; qÞ;Fðp; qÞ;Fðu; vÞÞ[ s
þ GðgðqÞ; gðqÞ; gðvÞÞ:
Combining the above two inequalities, we have that
GðFðp; qÞ;Fðp; qÞ;Fðu; vÞÞ[ k
2
½GðgðpÞ; gðpÞ; gðuÞÞ
þ GðgðqÞ; gðqÞ; gðvÞÞ:
ð4:4Þ
Similarly from (4.3), we have
GðFðq; pÞ;Fðq; pÞ;Fðv; uÞÞ[ k
2
½GðgðqÞ; gðqÞ; gðvÞÞ
þ GðgðpÞ; gðpÞ; gðuÞÞ:
ð4:5Þ





which contradicts (4.1). The proof is then completed by an
application of Theorem 3.1. h
Corollary 4.2 Let ðA;	Þ be any non empty set with
partial order 	 and G be a G-metric on A for which
(A, G) is a complete G-metric space. Let F : A A! A
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and g : A! A be two mappings such that F satisfies the
property given in definition 2.8 and the following
inequality:
½GðFðp; qÞ;Fðp; qÞ;Fðu; vÞÞ
þ GðFðq; pÞ;Fðq; pÞ;Fðv; uÞÞ  k½GðgðpÞ; gðpÞ; gðuÞÞ
þ GðgðqÞ; gðqÞ; gðvÞÞ;
ð4:6Þ
with p; q; u; v 2 A such that gðpÞ 	 gðuÞ and gðqÞ 
 gðvÞ
and some fixed k 2 ð0; 1Þ. Suppose FðA AÞ  gðAÞ,
(g, F) is compatible pair of functions in which we assume
the continuity of g. Also suppose either
(a) F is continuous or
(b) (3.2) and (3.3) hold.
If there are x0; y0 2 A such that gðx0Þ 	 Fðx0; y0Þ,
gðy0Þ 
 Fðy0; x0Þ, then the pair (g, F) has a coupled coin-
cidence point in A.
Proof Since xþy
2
 maxfx; yg, the proof follows from
Theorem 4.1. h
Example 4.3 Let A ¼ ½0; 1 and with the natural ordering
 in R as the partial ordering 	. Let
p; q; z 2 A,Gðp; q; zÞ ¼ jp qj þ jq zj þ jz pj. Then
(A, G) is a complete G-metric space. Let the mapping g :
A! A be given by
gðpÞ ¼ 5
6
p2; p 2 A
and the mapping F : A2 ! A be defined as




Then FðA AÞ  gðAÞ and F satisfies the property in
Definition 2.8. Let ftng and frng be two sequences in A for
which
lim
n!1Fðtn; rnÞ ¼ a; limn!1gðtnÞ ¼ a; limn!1Fðrn; tnÞ
¼ b and lim
n!1gðrnÞ ¼ b:















Then necessarily a ¼ 0 and b ¼ 0. Applying Lemma 2.6,
we have
lim
n!1GðgðFðtn; rnÞÞ; gðFðtn; rnÞÞ;FðgðtnÞ; gðrnÞÞ ¼ 0
and
lim
n!1GðgðFðrn; tnÞÞ; gðFðrn; tnÞÞ;FðgðrnÞ; gðtnÞÞÞ ¼ 0:
Therefore, the mappings (g, F) are compatible pair in
A. The mappings are not commuting. Now we show that
the condition (4.6) holds.
2jFðp; qÞ  Fðu; vÞj  3
10
 2jgðpÞ  gðuÞj
þ 3
5
 2jgðqÞ  gðvÞj; p u; q v
ð4:7Þ
and
2jFðq; pÞ  Fðv; uÞj  3
10
 2jgðqÞ  gðvÞj
þ 3
5
 2jgðpÞ  gðuÞj; p u; q v:
ð4:8Þ
Adding (4.7) and (4.8), we get the inequality (4.6) with
k ¼ 9
10
. Other cases can be similarity shown. Here (0, 0) is a
coupled coincidence point.
Application to integral equations
Here give an application of a result in the previous section
to a problem of an integral equation. Similar applications to
integral equation problem results have been made in [2, 4,




ðm1ðt; sÞ þ m2ðt; sÞÞðf1ðs; pðsÞÞ þ f2ðs; pðsÞÞÞds
þ hðtÞ; t 2 ½a;1Þ; ð5:1Þ
where h 2 L½a;1Þ; m1ðt; sÞ;m2ðt; sÞ; f1ðs; pðsÞÞ; f2ðs; pðsÞÞ
are real-valued functions that are measurable both in t and s.
Assumption 5.1 The functions m1ðt; sÞ;m2ðt; sÞ;
f1ðs; pðsÞÞ; f2ðs; pðsÞÞ satisfy the following:














(3) f1ðs; pðsÞÞ; f2ðs; pðsÞ 2 L½a;1Þ for all p 2 L½a;1Þ
and there exist k;l[ 0 such that
0 f1ðs; pðsÞÞ  f1ðs; qðsÞÞ kðpðsÞ  qðsÞÞ and
 lðpðsÞ  qðsÞÞ f2ðs; pðsÞÞ  f2ðs; qðsÞÞ 0
for all p; q 2 L½a;1Þ with qðsÞb pðsÞ.
Definition 5.2 An element ðc;wÞ 2 L½a;1Þ  L½a;1Þ is
called a coupled lower and upper solution of the integral
equation (5.1) if cðtÞwðtÞ and

















ðm2ðt; sÞðf1ðs;wðsÞÞ þ f2ðs; cðsÞÞÞds
þ hðtÞ; where t
2 L½a;1Þ:
Theorem 5.3 With the Assumption 5.1, if (5.1) has a




it has a solution in L½a;1Þ.
Proof We consider the complete G-metric space
(A, G) where A ¼ L½a;1Þ and Gðp; q; rÞ ¼ R1
a
½jpðtÞ
qðtÞj þ jqðtÞ  rðtÞj þ jrðtÞ  pðtÞjdt, for all p; q; r 2 A.








m2ðt; sÞðf1ðs; pðsÞÞ þ f2ðs; qðsÞÞÞds
þ hðtÞ; t 2 ½a;1Þ:
It follows from Theorem 3.2 of [15] that F(p, q) has the
mixed monotone property. Now for p; q; u; v 2 X, p q,
u v, we have





















ðm1ðt; sÞ½ðf1ðs; pðsÞÞ  ðf1ðs; uðsÞÞÞ




m2ðt; sÞ½ðf1ðs; vðsÞÞ  f1ðs; qðsÞÞÞ









 qðsÞÞ þ lðpðsÞ  uðsÞÞds:
Since m1ðt; sÞ 0, m2ðt; sÞ 0, pðsÞ  uðsÞ 0, vðsÞ 
qðsÞ 0 and k; l 0, we have
2
Fðp; qÞðtÞ  Fðu; vÞðtÞ 2ð
Z t
a
ðm1ðt; sÞ½kðpðsÞ  uðsÞÞ
þ lðqðsÞ  vðsÞÞdsþ
Z t
a
m2ðt; sÞ½ðkðvðsÞ  qðsÞÞ








m2ðt; sÞ½ðk2jðvðsÞ  qðsÞÞj








m2ðt; sÞ½ðk2jðvðsÞ  qðsÞÞj
þ l2jðpðsÞ  uðsÞÞjds:
Therefore,
2jFðp; qÞðtÞ








m2ðt; sÞ½ðk2jðvðsÞ  qðsÞÞj
þ l2jðpðsÞ








m2ðt; sÞ½ðkGðq; q; vÞ








sups2½0;1Þjm1ðt; sÞj½kGðp; p; uÞ
þ lGðq; q; vÞdt þ
Z 1
a
sups2½0;1Þjm2ðt; sÞj½ðkGðq; q; vÞ
þ lGðp; p; uÞdt M1
2
½kGðp; p; uÞ þ lGðq; q; vÞ
þM2
2
½ðkGðq; q; vÞ þ lGðp; p; uÞ
GðFðp; qÞ;Fðp; qÞ;Fðu; vÞÞ M1
2
½kGðp; p; uÞ
þ lGðq; q; vÞ þM2
2
½ðkGðq; q; vÞ þ lGðp; p; uÞ ð5:2Þ
Similarly, we have
GðFðq; pÞ;Fðq; pÞ;Fðv; uÞÞ M1
2
½kGðq; q; vÞ
þ lGðq; q; uÞ þM2
2
½ðkGðp; p; uÞ þ lGðq; q; vÞ: ð5:3Þ
Adding (5.2) and (5.3), we have
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GðFðp; qÞ;Fðp; qÞ;Fðu; vÞÞ þ GðFðq; pÞ;Fðq; pÞ;Fðv; uÞÞ
 ðM1 þM2Þðkþ lÞ
2
ðGðp; p; uÞ þ Gðq; q; vÞÞds:
Again if (c, w) be a coupled lower and upper solution of the
integral equation (5.1), then cFðc;wÞ and wFðw; cÞ,
which show that every condition of Corollary 4.2 are sat-
isfied by taking g ¼ I: By an application of Corollary 4.2 it
follows that (5.1) has a solution in L½a;1Þ. h
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